Abstract. Flocks of Laguerre planes, generalized quadrangles, translation planes, ovals, BLTsets, and the deep connections between them, are at the core of a developing theory in the area of geometry over finite fields. Examples are rare in the case of characteristic two, and it is the purpose of this paper to contribute a fifth infinite family. The approach taken leads to a unified construction of this new family with three of the previously known infinite families, namely those satisfying a symmetry hypothesis concerning cyclic subgroups of PGLð2; qÞ. The calculation of the automorphisms of the associated generalized quadrangles is su‰cient to show that these generalized quadrangles and the associated flocks and translation planes do not belong to any previously known family.
Introduction
The last twenty years have seen extensive activity in the area of finite geometry, with the publication of many papers dealing with the connections between flocks of Laguerre planes, generalized quadrangles, translation planes, ovals and BLTsets. In this setting, we identify some significant papers as follows. First, the sequence of exchanges between Kantor and Payne delineated the evolution of the concept of a q-clan and the construction of generalized quadrangles as group coset geometries [14, 23, 33, 15, 24] , while Thas [40] recognised the connection between flocks of Laguerre planes and generalized quadrangles. In the case of odd characteristic, Bader, Lunardon and Thas [2] introduced BLT-sets and Knarr [16] developed a geo-O'Keefe and Thas [21] were enough for Penttila and Pinneri [35] to show that the Cherowitzo hyperovals were new.
Preliminaries
Let C ¼ fA t : t A GFðqÞg be a collection of 2 Â 2 matrices with entries from GFðqÞ. Following Payne [25] , we call C a q-clan if A s À A t is anisotropic (that is, the equation ðx; yÞðA s À A t Þðx; yÞ T ¼ 0 has only the trivial solution ðx; yÞ ¼ ð0; 0Þ) for all s; t A GFðqÞ with s 0 t.
We will use the (absolute) trace function on GFðqÞ, q ¼ 2 e , as follows. Let trace : GFðqÞ ! GFðqÞ be defined by traceðxÞ
. As is discussed by Cherowitzo, Penttila, Pinneri and Royle [6, 2.1] , without loss of generality we can assume that We call a q-clan normalised if it is written in this standard form and note that it follows immediately from Equation (2.1) that f and g are permutation polynomials.
In the following subsections we show how q-clans, q even, can be used to construct various important geometric structures, thus motivating their study. We then survey the known q-clans, q even, to the time of preparation of this paper.
Flocks of quadratic cones.
Let O be an oval in PGð2; qÞ, and let PGð2; qÞ be embedded as a hyperplane in PGð3; qÞ. For a point v A PGð3; qÞnPGð2; qÞ, the union of the points on the lines incident with v and a point of O is the cone with vertex v and base O. A quadratic cone is a cone with base O a (non-degenerate) conic. A flock of a cone K with vertex v is a set of q planes which partitions Knfvg into disjoint ovals. If L is a line of PGð3; qÞ having no point in common with K then the q planes through L and not v form a flock. Such a flock is called linear, and for q ¼ 2; 3 and 4 every flock of a cone is linear [40] .
Theorem 2.1 ( [24, 40] ). Let q be even and let K be the quadratic cone in PGð3; qÞ with equation X 0 X 1 ¼ X 2 2 ; thus the vertex is v ¼ ð0; 0; 0; 1Þ. The set of planes F ¼ 
GFðqÞg is a flock of the quadratic cone K in PGð3; qÞ with equation
2.2 Elation generalized quadrangles. Let G ¼ fða; c; bÞ : a; b A GFðqÞ 2 ; c A GFðqÞg, with multiplication defined as:
where (since a; b are 2-tuples of elements of GFðqÞ) we define:
Let C ¼ fA t : t A GFðqÞg be a normalised q-clan, and define the following subgroups of G:
AðyÞ ¼ fð0; 0; bÞ : b A GFðqÞ 2 g and AðtÞ ¼ fða; ffiffiffiffiffiffiffiffiffiffiffiffiffi aA t a T p ; t 1=2 aÞ : a A GFðqÞ 2 g; t A GFðqÞ:
For each t A GFðqÞ U fyg we define A Ã ðtÞ ¼ AðtÞZ where Z ¼ fð0; c; 0Þ : c A GFðqÞg is the centre of G. Then F ¼ fAðtÞ : t A GFðqÞ U fygg is a 4-gonal family for G [24] , see [33, 10.4] .
Starting with this 4-gonal family, Kantor's [14] construction gives an elation generalized quadrangle of order ðq 2 ; qÞ (with base point ðyÞ) on which G acts by left multiplication as a group of elations, see [33, 8.2] , as follows:
points: (i) elements g A G, (ii) cosets gA Ã ðtÞ for g A G, t A GFðqÞ U fyg and (iii) a symbol ðyÞ, lines: (a) cosets gAðtÞ for g A G, t A GFðqÞ U fyg and (b) symbols ½AðtÞ for t A GFðqÞ U fyg.
(Here we use left cosets, in contrast to some of the literature which uses right cosets, because throughout this paper groups are acting on the left.) A point g of type (i) is incident with each line gAðtÞ for t A GFðqÞ U fyg. A point gA Ã ðtÞ of type (ii) is incident with the line ½AðtÞ and with each line hAðtÞ contained in gA Ã ðtÞ. The point ðyÞ is incident with each line ½AðtÞ for t A GFðqÞ U fyg. There are no further incidences.
We have therefore outlined a process by which a (normalised) q-clan C gives rise to a 4-gonal family for the group G above, and hence to an elation generalized quadrangle GQðCÞ of order ðq 2 ; qÞ. [44] independently showed how to construct a translation plane from a flock of a quadratic cone. We now give a brief outline of this construction, and note that relevant details and background can be found in [10, 12] . Let FðCÞ be the flock of the quadratic cone K of PGð3; qÞ with equation 
2.5
The known q-clans, q even. In this section we list the known q-clans with q ¼ 2 e , up to isomorphism of the associated generalized quadrangle.
The classical q-clan associated with a linear flock [40] , for all q ¼ 2 e , is
for a A GFðqÞ with traceðaÞ ¼ 1. The associated GQ is isomorphic to the GQ comprising the points and lines of the Hermitian variety Hð3; q 2 Þ (see [33, 3.1.1] ) and the associated translation plane is Desarguesian. The associated herd is fO s : s A GFðqÞ U fygg, where O s ¼ fð1; t; t 1=2 Þ : t A GFðqÞg U fð0; 1; 0Þg for all s A GFðqÞ U fyg. The FTWKB q-clan, for q ¼ 2 e with e odd, is
and is classical if and only if q ¼ 2. The associated flock arises by the geometrical construction of Fisher and Thas [8, Theorem 3.10] ; in this case the corresponding translation plane was discovered by Walker [44] (using flocks) and independently by Betten [3] . The GQ was discovered by Kantor [14] and the herd comprises q þ 1 translation ovals, each projectively equivalent to fð1; t; t 1=4 Þ : t A GFðqÞg U fð0; 1; 0Þg. The Payne q-clan [24] , for q ¼ 2 e with e odd, is
It is classical if and only if q ¼ 2, and FTWKB if and only if q ¼ 8. The herd comprises two Segre-Bartocci ovals (equivalent to fð1; t; t 1=6 Þ : t A GFðqÞg U fð0; 1; 0Þg) and q À 1 further ovals now known as Payne ovals. In this case there is (up to isomorphism) one associated GQ and translation plane, but two associated flocks, see [26] .
The Subiaco q-clan [6] , for q ¼ 2 e , is
where, for some d A GFðqÞ with
It is classical if and only if q ¼ 2 and is FTWKB (or Payne) if and only if q ¼ 8.
There is (up to isomorphism) one associated flock and GQ, and if e 1 2 ðmod 4Þ then there are two associated ovals, otherwise only one. The flock in the case q ¼ 16 is due to De Clerck and Herssens [7] , and the associated herd comprises 17 Lunelli-Sce ovals. In the general case, the associated herd comprises q þ 1 ovals which are now known as Subiaco ovals. [36, 37, 31] . The main result of this paper is the construction of an infinite family of q-clans which includes these examples. Our construction in fact gives a unified presentation of the classical, FTWKB, Subiaco and the new infinite family of q-clans.
The Adelaide q-clans
The purpose of this section is to prove our main theorem, Theorem 3.1. After the statement, we will proceed via a sequence of lemmas.
Theorem 3.1. Let GFðq 2 Þ be a quadratic extension of GFðqÞ with q ¼ 2 e . Let b A GFðq 2 Þnf1g be such that b qþ1 ¼ 1, and let TðxÞ ¼ x þ x q for all x A GFðq 2 Þ. Let a A GFðqÞ and the functions f ; g : GFðqÞ ! GFðqÞ be defined by:
and let
If m 1G1 ðmod q þ 1Þ then C is the classical q-clan for all q ¼ 2 e and for all b. If q ¼ 2 e with e odd and m 1G q 2 ðmod q þ 1Þ then C is the FTWKB q-clan for all b. If q ¼ 2 e with e > 2 and m 1G5 ðmod q þ 1Þ then C is the Subiaco q-clan for all b such that if l is a primitive element of GFðq 2 Þ, so that b ¼ l kðqÀ1Þ , then q þ 1 a km. If q ¼ 2 e with e > 2 even and m 1G qÀ1 3 ðmod q þ 1Þ then C is a q-clan, which we call the Adelaide q-clan, for all b.
First we introduce some notation which will be used throughout this section. Let K ¼ GFðq 2 Þ be an extension field of F ¼ GFðqÞ with q ¼ 2 e . We let the relative trace function from K to F be denoted by T, that is, T : K ! F is defined by TðxÞ ¼ x þ x q and let the absolute trace function on F be denoted by trace F . Let b A K nf1g be an element of norm 1 relative to F , that is, b qþ1 ¼ 1. We define three auxiliary functions h 1 ; h 2 ; h 3 : F ! F by
1Þ Finally, we define a A GFðqÞ and the functions f ; g : F ! F by:
Lemma 3.2. With the notation as above, and for all t; s A F with t 0 s we have
Proof. First, write
where
As we calculate the absolute trace of this expression we shall encounter terms of absolute trace 0 (with respect to F ). Once such terms have been identified they will be accumulated in a single term denoted by C, thus C is not constant throughout the calculation, but at all times trace F ðCÞ ¼ 0. On expanding the product we obtain The sum of the first two terms is an element of absolute trace 0, and is thus incorporated into C. By (3.1) the sum of the third and fourth terms is 1 Tð bÞ 2 ðh 3 ðtÞ þ h 3 ðsÞÞ. Now,
Hence, the fifth term of (3.2) can be written as:
We see that the first term of this expression is the square of the sixth term in (3.2), and the second term here is the square of the seventh term in (3.2). Thus, there are two more expressions of absolute trace 0 that can be incorporated into C. Rewriting (3.2), we now obtain
It follows that
Then, because
we have
A simple calculation shows that:
We can now rewrite (3.3) as:
and applying the absolute trace function trace F gives the desired result. r Proof. This follows immediately from the following calculations.
Hence,
The last simplification is due to the fact that ðt þ TðbÞt
A very similar computation shows that h 2 ðtÞ ¼ h 2; m; b ðtÞ ¼ h 2; mþkðqþ1Þ; b ðtÞ: r
It is now clear that we may restrict m to lie in f1; . . . ; q þ 1g. However, there is a further equivalence which shows that at most half of these values lead to distinct functions. Proof. First, observe that
Thus, we have
A similar calculation shows that h 2; Àm; b ðtÞ ¼ h 2; m; b ðtÞ. r
We are now in a position to be able to prove our main result. 
holds, and trace F ð1=dÞ ¼ 1 by Lemma (3.4) since ð2; q þ 1Þ ¼ 1. Now,
A similar calculation shows that
By [6, Theorem 5], C is the Subiaco q-clan. Finally, let e be even, so 3 j q À 1, and let m ¼ qÀ1 3 . Let n 3 ¼ g A N 1 and notice that n A N 1 since ð3; q þ 1Þ ¼ 1. Now,
Thus,
By Lemmas 3.3 and 3.4, since
Automorphism groups of the Adelaide geometries
In this section we calculate the automorphism groups of the Adelaide geometries, starting with the Adelaide herd. First we recall some notation and definitions from [20] . Let F denote the collection of all functions f : GFðqÞ ! GFðqÞ such that f ð0Þ ¼ 0. Note that each element of F can be expressed as a polynomial in one variable of degree at most q À 1 and that F is a vector space over GFðqÞ. If f ðxÞ ¼ P a i x i A F and g A Aut GFðqÞ then we write f g ðxÞ ¼ P a g i x i or, equivalently, f g ðxÞ ¼ ð f ðx 1=g ÞÞ g . We will be concerned with the group PGLð2; qÞ acting on the projective line PGð1; qÞ, that is, PGLð2; qÞ ¼ fx 7 ! Ax g : A A GLð2; qÞ; g A Aut GFðqÞg: 
Then this definition yields an action of PGLð2; qÞ on F, which we will call the magic action.
By the transitivity of PGLð3; qÞ on ordered quadrangles in PGð2; qÞ, we can assume that a given oval has nucleus ð0; 0; 1Þ and contains the points ð1; 0; 0Þ; ð0; 1; 0Þ and ð1; 1; 1Þ. Such an oval can be written in the form Dð f Þ ¼ fð1; t; f ðtÞÞ : t A GFðqÞg U fð0; 1; 0Þg where f is a (permutation) polynomial of degree at most q À 2 satisfying f ð0Þ ¼ 0, f ð1Þ ¼ 1 and such that for each s A GFðqÞ the function f s where f s ð0Þ ¼ 0 and f s ðxÞ ¼ ð f ðx þ sÞ þ f ðsÞÞ=x, x 0 0 is a permutation (see [11] , but note that this and other references use the D notation to represent a hyperoval). Conversely, any polynomial f satisfying the above conditions gives rise to an oval Dð f Þ with nucleus ð0; 0; 1Þ. Such a polynomial is called an o-polynomial for PGð2; qÞ.
Let HðC 1 Þ ¼ fDð f s Þ : s A GFðqÞ U fygg and HðC 0 Þ ¼ fDð f 0 t Þ : t A GFðqÞ U fygg be herds. We say that HðCÞ and HðC 0 Þ are isomorphic if there exists c A PGLð2; qÞ such that for all s A GFðqÞ U fyg we have cf s A h f 0 t i under the magic action, and where the induced map s 7 ! t is a permutation of GFðqÞ U fyg. (Where, for f A F, we use h f i to denote the 1-dimensional subspace of F containing f .) An automorphism of a herd HðCÞ is an isomorphism from HðCÞ to itself and the automorphism group Aut HðCÞ of HðCÞ is the group of all automorphisms of HðCÞ. In other words, the automorphism group of a herd HðCÞ ¼ fDð f s Þ : s A GFðqÞ U fygg is the stabiliser of fh f s i : s A GFðqÞ U fygg in PGLð2; qÞ, under the magic action.
We recall the following theorem: Proof. The structure of the proof is similar to that of the last part of the proof of Theorem 4.2 in [20] . Let q ¼ 2
e where e d 6 and let HðCÞ ¼ fDð f s Þ : s A GFðqÞ U fygg be the Adelaide herd, defined as in Section 2.3 with f 0 ¼ f , f y ¼ g and a as in 
Similarly,
and c 1 f 1 ðtÞ ¼ ðc 1 f ðtÞ þ c 1 agðtÞ þ t 1=2 Þ=a ¼ gðtÞ. Finally, for s A GFðqÞnf0; 1g, we have 
Finally, for s A GFðqÞnf0g, we have
Thus the element c 2 A Aut HðCÞ, and has order 2e (see [20] ). Now c 2 normalises hc 1 i and hc 1 i V hc 2 i is the identity, and we have therefore shown that the Adelaide herd admits C qþ1 c C 2e as automorphism group. It is straightforward to verify that the map x 7 ! Ax, where A ¼ TðbÞ e where e d 6 is even and let b A GFðq 2 Þ be of order q þ 1. The automorphism group of the Adelaide generalized quadrangle over GFðqÞ arising from this b is the semidirect product of G (in the notation of Section 2.2) with the semidirect product of a cyclic group of order q 2 À 1 and a cyclic group of order 2e. Since jGj ¼ q 5 , this group has order 2q 5 ðq À 1Þðq À 1Þe.
Proof. See Corollary 4.1 of [20] . r Corollary 4.5. Let q ¼ 2 e where e d 6 is even and let b A GFðq 2 Þ be of order q þ 1. The automorphism group of the Adelaide generalized quadrangle over GFðqÞ arising from this b is transitive on the lines through ðyÞ. Hence there is, up to isomorphism, one associated flock and one associated translation plane.
e where e d 6 is even and let b A GFðq 2 Þ be of order q þ 1. The automorphism group of the Adelaide herd over GFðqÞ arising from this b is transitive on the ovals of the herd. Hence an Adelaide oval in PGð2; qÞ is stabilised by a cyclic group of order 2e.
Let q ¼ 2
e where e d 6 is even and let b A GFðq 2 Þ be of order q þ 1. Suppose that e=2 is odd. Then the Adelaide generalized quadrangle is new, as follows. By comparing the orders of the respective automorphism groups, it is immediate that if the Adelaide generalized quadrangle is not new then it is a Subiaco generalized quadrangle. The automorphism group of the Subiaco generalized quadrangle for this q is also transitive on the lines through ðyÞ (see [30] ), however, in this case the automor-phism group of the Subiaco generalized quadrangle is not transitive on the ovals of the herd (see [22] ) and this su‰ces to show that the groups are di¤erent. We remark that since in PGð2; 4 4 Þ the Adelaide oval is known not to be a Subiaco oval [37] , the Adelaide generalized quadrangle in PGð2; 4 4 Þ is new. In a sequel to this paper, we will show that for m 2G1 ðmod q þ 1Þ, HðC m; b Þ is isomorphic to HðC m 0 ; b Þ if and only if m 1Gm 0 ðmod q þ 1Þ and hence the Adelaide generalized quadrangles are new, for e d 6 even. It is then immediate that the Adelaide flocks and Adelaide planes are also new.
Let q ¼ 2 e where e d 6 is even and let b A GFðq 2 Þ be of order q þ 1. We remark that in PGð2; qÞ an Adelaide oval over GFðqÞ arising from this b is either new or is a Subiaco oval, as follows. First, every previously known hyperoval in PGð2; qÞ where q d 6 is even is either a translation hyperoval or a Subiaco hyperoval. The main theorem of [19] shows that an Adelaide oval is not a translation hyperoval, for otherwise an Adelaide herd would be either classical or an FTWKB herd; contrary to the calculation of the respective groups. Since a non-translation oval contained in a translation hyperoval has a group of order ðq À 1Þe, its homography group has odd order q À 1. Since an Adelaide oval has an induced homography group of order 2, these two ovals are di¤erent.
Open problems
There are several open questions and problems arising immediately from this work, as follows.
1. Is the group described in Corollary 4.6 the full stabiliser of an Adelaide oval?
The answer is known to be in the a‰rmative for e ¼ 6 and 8 [37] .
2. Are the Adelaide ovals new for all q, that is, do not belong to any previously known family? The answer is known to be in the a‰rmative for e ¼ 6 and 8 [37] .
3. For a given q ¼ 2 e with e d 6 even, are all Adelaide generalized quadrangles isomorphic (that is, those for di¤erent b)?
4. Do the Adelaide class of geometries and the regular cyclic class of geometries discovered by Penttila [34] form a single family?
5. Classify cyclic generalized quadrangles in characteristic 2, that is, classify herds which are stabilised by a cyclic group of order q þ 1. The known examples are the classical, FTWKB, Subiaco and Adelaide generalized quadrangles.
